Proof. According to the definition and Remark 1 in [6, §1, onto Sί, and let 7 e Sΐ correspond to 1 (g) 1 e B (g) 
COROLLARY 1.2. Let A be a Galois closed subring of a ring B such that B is a finitely generated, protective right A-module. B is a Frobenius extension of A if, and only if, Horn (B A , B A ) is a Frobenius extension of B.
The following three lemmas are restatements of results contained in [9] . In the application of these results, the following lemma is useful. LEMMA 1.6. Let A be a subring of B such that B is a finitely generated, projective right A-module.
J7~(B A ) = A if, and only if, B is a faithfully flat right A-module.
Proof. Since B is a projective right A-module, B is a flat right A-module. Suppose J7~(B A ) = A. Then A is a direct summand of the right A-module B by Lemma 1.5, and A 0 A X is a direct summand of the additive group B 0 A X for any unital left A-module X. But A 0 A X is naturally isomorphic to X. Consequently, if B 0 A X = 0 then X = 0; and B is a faithfully flat right A-module by [3, Chapter 1, §3 [cf. 5] between the set of subrings A of B such that B is a finitely generated, projective right A-module and J?~{B A ) = A, and the set of subrings 2ί of 35 such that 2ί is a left ί?-submodule of 33, B is a finitely generated, projective left 2I-module, and J7~(<%B) = 21. Call B a generalized Galois extension of a subring A if B is a finitely generated, projective right A-module and J?~(B Λ ) = A. In the definition of generalized Galois extension B of a subring A, the requirement that ^~(B A ) = A may be replaced by either of the equivalent conditions given in Lemmas 1.5 and 1. [6, §2.4] by observing that, if the right A-module B possesses a direct summand which is isomorphic to A, then there exists a right A-module homomorphism of B onto A and J?~(B A ) = A.
Let G be a finite group of automorphism of a ring J?, let A be the subring of G-invariant elements of JB, and let Δ be the crossed product of B and G with trivial factor set. 
But then Σ^iβj ωd/j ) = 1; and, consequently, 1 (g) ω is an epimorphism. Since 5 is a faithfully flat right A-module, ω is an epimorphism and there must exist ceB such that ω(c) = 1. Therefore statement 2 implies statement 4.
It follows from [7, Corollary 3.7 and Lemmas 3.2 and 2.8] that B is a if-ring with respect to G if, and only if, B is a Galois extension of A relative to G and there exists ceB such that Σσeσ σ ( c ) = 1. Propositions 1.7 and 1.8 may be used to formulate a number of conditions equivalent to B being a K-ήng with respect to G. In particular, B is a Z-ring with respect to G if, and only if, B is a generalized Galois extension of A and i is an isomorphism of Δ onto
Ίlom (B A ,B A ).
The preceding considerations are simpler in the case of commutative rings. For instance, suppose A is a commutative subring of a ring B such that B is a finitely generated, protective right A-module. Then J7~(B A ) -A by [1, proposition A.3] , and so B is a generalized Galois extension of A. The situation for noncommutative rings is illustrated by the following example. EXAMPLE 1.9 Let B be the ring of 3 x 3 matrices over a field F of characteristic two; and let e {j denote the element of B with entry 1 in the i-th row and i-th column and entry 0 elsewhere, for 1 <Ξ ΐ, j ^ 3.
Let σ be the inner automorphism of B determined by Suppose rj is a ring endomorphism of B such that η(l) = 1. Then Σ σeiI/ e σ -η{l) = 1, and τj(x) 
e σ o -Σαei/^ φ) <τ and η(x) e σ -e σ σ(x) for xeB and σeM.
Since Ύ], σeHom (B A , B A ); e σ must be an element of the centralizer of A in B, which is the center of B, for σeM.
But then e a *σ = e σ η -Σrejf β σ βr τ and e σ e Γ = δ σ , r e σ for σ, reilί. Thus {e σ | cr G ikf} is a set of pairwise orthogonal, central idempotents in B such that Σσei^ = 1. Conversely, suppose {e σ \σeM} is a set of pairwise orthogonal, central idempotents in B such that ^Σj σeM e σ -1. Then ^(1) = Σσejr e o = 1, and 57(053
Therefore 97 is a ring endomorphism such that ^(1) = 1.
Let E be the set of all central idempotent elements of a ring B, and partially order E by setting e <^ / if e /= e for e,feE.
E is a Boolean algebra in which the intersection ef]f is e /, the union eU/is e + f -e-f, and the complement of e is 1 -e, for e, feE. Proof. The verification that A is a subring of B is straight-forward and will be omitted. The condition that g(Be, Be') be nonempty for e, e f e T defines an equivalence relation on T, and an equivalence class of elements of T will be called a component of the groupoid g. Letting e c -^e eC e for each component C of g, it is readily verified that S -{e c \ C is a component of g} is a finite set of pairwise orthogonal, central idempotents in B such that Σeesβ^l and S § A. Let C be a given component of g, let m be the cardinality of C, let β 0 , e u , e m _i be an enumeration of the distinct elements of C, and choose τ i e g(Be Q , Be { ) for 0 <^ i <; m -1.
Observe that ( But then T^XJ), τ^^ ), 0 î ^ m -1 and 1 ^ j ^ n, are elements of JS e c ; and, for any integer k and σ e g(Be 0 , Be,), ΣS 1 Σ;=i ^d^x^^Ay^) = ΣΓ^Σ^i r ί+& (<7(^ )) Ti(yj)> which is e σ if A; = 0 (mod m) and σ = 1, but is 0 otherwise. Therefore G is a strongly independent group of automorphisms of B e c . To each eeS, there corresponds a component of the groupoid g and the preceding construction yields a group G e of automorphisms of J? e, satisfying the requirements of the lemma.
The technique of working with a groupoid g of ring isomorphisms, as in the preceding lemma, is due to Villamayor and Zelinsky [10] . Note that, if A is a subring of a ring B such that the centralizer of A in B is the center of B, then the center of A is the intersection of A with the center of B. The author is indebted to Ό. Zelinsky for suggesting the following theorem. Setting e a = Σ^i^ί^ l/i f°r ^eG, cr(6) β σ -β^ δ for 6 6 B and # 6 G. Therefore e σ is an element of the centralizer of A in B, which is the center of B, for σ e G. Moreover, e 2 σ -Σ?=i
e o' Vi = Σi=i e * a?,-Vj = e σ for <J G G. Therefore {σ(β Γ ) I σ, τ e G} is a finintie set of central idempotents in B, which generates a finite, G-stable subalgebra E o of the Boolean algebra E of all central idempotents in B. Let T be the set of minimal elements of E o . For ee T and fe E o , either ef -e or ef -0; and it is easily verified that T is a finite, G-stable set of pairwise orthogonal, central idempotents in B, such that Σβerβ = l A groupoid # of ring isomorphisms between elements of the set {Be \ e e T) is obtained by letting g(Be, Be') be the set of isomorphisms of Be onto Be' which are restrictions of elements of G for e, e' e T. Since A is the subring of G-invariant elements of B, A = {b e B \ σ(be) = be' for σ e g(Be, Be') and e, e' e T}. Since G is finite, g(Be, Be) is finite for each ee T. Proof. Let M be a finite set of automorphisms of B over A. First suppose B is a Galois extension of A relative to a finite group G of automorphisms of B. Then G freely generates the left JS-module Horn (B A1 B A ); and any automorphism η of B over A has a unique representation as Ύ] = ΣσeGev, σ (7, where {e η>σ \σ eG} is a set of pairwise orthogonal, central idempotents in B such that Σσec?βr Λσ = 1, by Lemma 2.1. {σ(e η , τ )\σ,τ eG and either ηeM or Ύ]~ιeM} is a finite set of central idempotents in J5, which generates a finite subalgebra E o of the Boolean algebra E of all central idempotents in B. Let H be the group of automorphisms of B generated by M. If Θ e H, then it may be verified by straightforwad calculations that e o , σ e E o for σ e G. Since E o is finite, H must be finite. Now suppose B is an outer semi-Galois extension of A; and let S be a finite set of pairwise orthogonal, central idempotents in A, such that Σees^ = 1 and Be is a Galois extension of Ae for each ee S. But, for each e e S, a finite set of automorphisms of Be over Ae is obtained by restricting the elements of M to Be, and it has now been established that this finite set of automorphisms of Be over Ae generates a finite group H e of automorphisms of Be. Let H be the subgroup of the group of all automorphisms of B over A which is generated by the H e> ee S. Then M £ H, and H is a finite group since it is the direct product of its subgroups H e , eeS.
Therefore the group of automorphisms of B generated by M must be finite.
Suppose B is a Galois extension of a subring A relative to a finite group G of automorphisms of B, and S is a finite set of pairwise orthogonal, central idempotents in 2?, such that S Q A and Σ ee5 β = 1. For e e S, the canonical projection of the group of all automorphisms of B over A onto the group of automorphisms of Be over Ae determines a representation of G as a group of automorphisms of Be. Since A is the subring of (-^-invariant elements of B, Ae must be the subring of G-invariant elements of Be. Let n be a positive integer and x jf y ό be elements of B for 1 <; j <: n, such that ]ΓJ =1 σ (^i) = δ lta for all CGG. Then x ό e, y 3 e are elements of Be for 1 ^ i ^ w, and ^Σli=rθ(% 5 e)*y 5 e = h liO e for all σeG. Therefore only leG acts as the identity automorphism on Be, the representation of G as a group of automorphisms of Be is faithful, and Be is a Galois extension of Ae relative to G. It is evident from this observation, that to construct an example of an outer semi-Galois extension which is not a Galois extension one needs only to take the direct product of two outer Galois extensions which cannot have isomorphic Galois groups. Therefore β σ must be an element of the centralizer of A o in B y which is the center of B, for σeG.
Since there is a natural isomorphism of B (g) Therefore Σσeα e P 'P(e σ )-pσ = e p ρ y = 6^-^(1)-7 = e^-7 = Σ*e<? ve«, ff, an( i e p *ρ(e σ ) = e^ β^ for />, o-eG. In particular, e^ -e P 'p(e x ) = β^ e^ for ^GG. Consequently, {ίτ(β r ) I σ, r e G} is a finite set of central idempotents in 5, which generates a finite, G-stable subalgebra E o of the Boolean algebra E of all central idempotents in B. If T is the set of minimal elements of E o ; then T is a finite, G-stable set of pairwise orthogonal, central idempotents in B such that Σ«erβ = 1. Let eeT,beB, and σeG. If β ff σ(β) = 0, then e σ -σ(be) = 0; but if e σ σ(e) Φ 0, then e a σ{e) = σ(e) and β σ σ(δe) = σφe). Observe that for eeT and σ,τeG such that e σ σ(τ(e)) = α(τ(β)), e σr crr(e) = β αr β σ σr(β) = σ(β Γ ) β σ ί7τ(β) = σ(6 r .τ(e)).
Therefore, if in addition β T r(β) = τ(e), then β σr σr(e) = στ(e). But letting r = a* Proof. Statement 1 implies statement 3 and statement 3 implies statement 2 by Theorem 3.2. Suppose B is a Frobenius extension of A) and let S be a finite set of pairwise orthogonal, central idempotents in A o , such that Σ ee s^ = 1 and Be is a Galois extension of A Q e relative to a finite group G e of automorphisms of Be for each ee S. Let ee S. Then A Q e is a direct summand of the A 0 e-mod\ύe Be. Therefore Be is not only an outer Galois extension of A o e, but Be is also a K-ring with respect to G e . Moreover Ae is a subring of Be such that A o e £ Ae and Be is a Frobenius extension of Ae. By Lemma 3.1, Be is a generalized Galois extension of Ae. Therefore B is a generalized Galois extension of A. In particular, A is Galois closed in B and A is a direct summand of the right A-module B. It now follows from Theorem 3.2 that statement 2 implies statement 1.
Observe that in Theorem 3.3, the condition that A o (resp. A) be a direct summand of the right A 0 (resp. A)-module B may be replaced by either of the equivalent conditions given in Lemmas 1.5 and 1.6. Also, in view of Proposition 2.5, the word " group " may be replaced by "set" in statement 3 of either Theorem 3.2 or 3.3.
